We study the coupled atom-molecularquantized ring vortices of 87 Dependence of the atom-molecular conversion efficiency and the lifetime of the system (time for decay of the total number of particles to 1/e timesof its initial value)on the laser intensity of photoassociation lasers and the total number of atoms(in presence of external decays) in two different vortex statesreveals that formation of atom-molecular coupled vortices and the efficiency of formationcanbe controlled by varying the laser intensity and the total number of atoms.Linear stability analysis of vortex states as a function of laser intensity, initial number of atoms, atom-molecular interaction strength compared to atom-atom interaction and the rotation frequency, shows that the atomic vortices are more stable than molecular vortices and stable atomic and molecular vortices can be achieved in different vortex states depending on the values of these system parameters.
spontaneous and induced decays and compared some of the results with those obtainded without external decays. The out of phase oscillation of atomic and molecular numbers in two vortex states both in presence and absence of external decays is the signature of coherence due to the atom-molecular coupling. However, in presence of external decays the amplitude of oscillation is damped. This coherence is also implemented in the evolution of coupled atomicand molecular vortices. Intensity of molecular ring vortices grows with progress in time in expense of that of atomic ring vortices and viceversa. It is found that the intensity of the coupled atomic and molecular ring vortices startsoscillationduring evolution but they show opposite nature i.e. when the intensity of the molecular vortex increases then those of the atomic vortex decreases and vice-versa.
Dependence of the atom-molecular conversion efficiency and the lifetime of the system (time for decay of the total number of particles to 1/e timesof its initial value)on the laser intensity of photoassociation lasers and the total number of atoms(in presence of external decays) in two different vortex statesreveals that formation of atom-molecular coupled vortices and the efficiency of formationcanbe controlled by varying the laser intensity and the total number of atoms.Linear stability analysis of vortex states as a function of laser intensity, initial number of atoms, atom-molecular interaction strength compared to atom-atom interaction and the rotation frequency, shows that the atomic vortices are more stable than molecular vortices and stable atomic and molecular vortices can be achieved in different vortex states depending on the values of these system parameters.
I.
Introduction:
With the advent of studies on photoassociation processes in cold atoms and atomic BECs [10, 11] , investigations on the study of atommolecular coupled BEC systems have started. Formation of molecules from atomic BEC or ultracold atoms by photoassociation was first introduced by Julienne's group [10] through a two-step process involving stimulated free-bound transition followed by spontaneous bound-bound emission where the later results in the production of incoherent mixture of a large range of vibrational levels in the electronic ground state of the molecules. Hence stimulated boundbound transition was chosen to achieve the state-specific population of the final molecular state of interest either through an adiabatic or a nonadiabatic pathway, which is essentially a stimulated two-photon Raman photoassociation. Experimentally state selective molecules at rest has been created from atomic BEC by photoassociation process adopting the Raman two-photon stimulated free-bound and boundbound transition technique [12, 13] and by magnetoassociation process applying Feshbach resonance technique [14] [15] [16] . This technique has also been used for condensation of molecular Fermi gases [17] . Many theoretical [18] [19] [20] [21] [22] [23] [24] attempts were also made for understanding and setting the guidelines for realisation of molecular
BECs using two-photon Raman photoassociation as well as magnetic
Feshback resonances. A number of theoretical efforts have been made to find out the enhancement of conversion efficiency through different approaches such as time-dependent magnetic field in conjunction with stimulated Raman transition [23] , making of proper tuning of the " pulse duration [24, 25] and the coherent population trapping in Feshback resonance-assisted stimulated Raman adiabatic pathway [26, 27] . Rai Dastidar's group [21] explored the coherences in the evolution of atomic and molecular density due to the atom-molecular coupling via Raman two-photon association and by magnetic Feshback resonance using a modified Gross-Pitaevskii approach in coupled atom-molecular BEC system and the nature of out of phase oscillation of atomic and molecular density has been compared with experimental results.
The structure of vortices in two species or two-component atomic condensates and its dependence on the system parameters have been studied [8, 9] . However, the studies on the formation of vortices in atom-molecular coupled BEC system are different from that of two component atomic BEC systems due to the presence of atommolecular conversion coupling and the mass of molecules is twice that of atoms in the former. Some theoretical investigations have been done on the formation, structure and stability of vortices and vortex lattices in atom-molecular coupled BEC system. Julienne's group analyzed structure and stability of vortices in hybrid atomicmolecular BEC using Gross-Pitaevskii model adopting the stimulated Raman-induced photoassociation process [28] . They predicted new types of topological vortex states in coherently coupled twocomponent condensates even without a trap, and demonstrated the nontrivial dynamics of the coupled system in the presence of losses.
Bigelow's group has studied effect of atom-molecular coupling on the % formation and structure of vortex lattices in rotating atom-molecular coupled BEC system [29] . The structural phase transitions in this coupled system have been explored by studying the dependence of degree of phase matching on the system parameters e.g. atommolecular coupling strength, atom-molecular interaction and rotation frequency of coupled system. Liu's group has explored dependence of nature of vortices on different combinations of quantum numbers, principal and secondary quantum numbers in rotating atom-molecular coupled BEC system by using analytical solutions for vortices [30] .
They have studied formation of vortex lattices in atom-molecular coupled BEC system considering space modulated nonlinearity and dependence of structure of vortex lattices on the Raman detuning and atom-molecular coupling strength. They have shown that atommolecular interaction plays a crucial role to control the structure of vortex lattices. However to our knowledge no experimental study on coupled atom-molecular vortices has been done yet.
In the present study we have investigated the dynamics, stability and control overthe formation of atomic and molecular coupled vortices in a rotating coupled atom- coupled atom molecular BEC system in the ground state oscillate coherently due to the presence of atom-molecular conversion coupling [19, 21] . In this work we have explored the signature of coherences in the dynamics of atomic and molecular quantized three photon Raman detuning is given as = (2E 1 -E 2 )/ -( 2 -1 ) and the two-photon transition will be resonant when equals to zero.
In order to study the evolution of atomic and molecular vortices in rotating coupled atomic and molecular BECs, we solved the coupled Gross-Pitaevskii equations (GPE) of motion for atoms (wavefunction a ) and molecules (wavefunction m ) as follows.
(1)
where " # and " # are the external anisotropic cylindrical harmonic trap potentials for atoms and molecules respectively, is the anisotropic factor (
, where " # and " ' are the angular trapping frequencies along radial and axial direction of the system respectively. , , are the atom-atom, molecule-molecule and atom-molecule interaction strength respectively. According to Bogoliubov mean field
, where a is the s-wave scattering length for atomatom interaction and we consider that for simplicity.
The spontaneous decay rate is denoted by and indicate induced decay rates, , represent the atomic and molecular light shift terms. Furthermore, + is related to effective two-photon Raman detuning + and is the angular frequency of rotation of the system.The last terms in eqns. (1) and (2) represent the rotational energy terms producing vortices. is the atom-molecular Raman coupling constant, i.e., the conversion factor from atom to molecule and vice-versa.
The form of atom-molecular Raman coupling is expressed as
Where is the free-bound and is the bound-bound Rabi frequencies which are functions of laser intensities I 1 and I 2 respectively: 1 2 . . The expression for the atom-atom scattering length can be written as
Here 3 45 is the background scattering length, . / is the free-bound and . / : are the bound-bound Frank-Condon factors. The spontaneous decay rate from an excited state of an atom is
Two induced decay rates, atomic loss rates due to one photon association and the spontaneous Raman scattering rates for molecules are denoted as (stimulated)
The atomic and molecular light-shift terms are represented as respectively
?B (7)
Here ; and ; D are the spontaneous decay rates of atoms and molecules respectively, > ? " M " ? are the detuning of laser from the resonant frequency " M of the atomic transition between the dissociation limit of the ground and excited state energy. The expression for the respective detuning factors are given below,
The above coupled GP equations (1) and (2) reduce to dimensionless GP equations by rescaling the length by linear harmonic oscillator length3 PQ 2 O ", energy by " and time by LO" in cylindrical polar coordinates system as follow:
We assume the form of the wave function both for atom and molecule as Using the wave-function from equation (14) in equations (12) and (13)the time-independent forms of the GP equations take the following forms
The approximate stationary state solutions of the equations (15) and (16) neglecting the nonlinearity of the system can be written as
where the functions f a and f m involveGaussian-Laugurre-Hermite functions and the corresponding chemical potentials are
IIB. Numerical Approach:
We obtained the numerical stationary state solutions for the atomic and molecular vortices in coupled BEC system by solving the timeindependent atomic-molecular coupled GP equations (15) and (16) using imaginary time evolution method taking f a and f m as the initial wave functions. We reduce the nonlinear Schrödinger equations (NLSE) which have been used for our coupled system in its dimensionless form replacing radial distance 3 PQ , axial distance 3 PQ and time hO" , where
where µ a and µ m are the eigenvalues of the atomic and molecular timeindependent NLSEs. In order to obtain the numerical solutions of the stationary state equations (20) and (21), we implement the imaginary time method as follows :
where f C denotes the Hamiltonian corresponding to atomic and molecular coupled equation in its' dimensionless form. Numerical iteration is performed using the length step 0.01 along both the direction r and z within the range (0 to 5) and (-5 to 5) respectively. To get the converged solution for atomic and molecular vortices, the convergence of the solution has been checked to be 10 -6 for the wavefunction. The time step we have used in this imaginary time iteration is 5×10 -8 and at each time steps of imaginary time, total number of atom and double of number of molecules have been normalized to total number particles N i. e. i W W 6 j j kl
To study the dynamical behaviour of atomic and molecular vortices in coupled atomic-molecular system we have solved the timedependent coupled GP equations by applying steepest descent method in Crank-Nicholson scheme. We assume the wave function is of the form mO , for the sake of simplicity of our cylindrical system and to solve the equations (12) and (13) (12) and (13) 
III. Linear Stability Analysis:
For the linear stability analysis we consider the perturbed solution of equation (12) and (13) (28) where { € L , { € L , | € L and | € L are the small perturbation neglecting the higher order term. Substituting these wave functions (27) and (28) in the equation (12) and (13) we get the following eigenvalue equation having eigenvalue .
The matrix elements a anda are defined as
We solved the eigenvalue equation (29) to get the eigenvalues. If the eigenvalues are purely real then the wave functions are stable otherwise they are unstable.
III. Results and Discussion:
In the two-photon Raman photoassociation scheme used here the formation of the 87 Rb 2 molecules is considered to be in the lowest vibrational level of the ground state
(V e (R))by association of two 87 Rb atoms from the continuum of the ground state (Fig.1) [19] unless otherwise mentioned. In this calculation the effective detuning delta-tilde (which includes the Ac Stark shift, 1 , 2 and the twophoton Raman detuning, delta) has been kept fixed.The s-wave scattering length is 5.4 nm [21] .We have started with initial number ofatoms N=50000 unless otherwise variation of N is considered. The frequency of cylindrically symmetric harmonic trap potential in radial direction has been taken as r /2 =100 Hz whereas in the axial direction the frequency z =0.36 r [21] . The angular frequency of rotation of the condensate system has been taken as =0.6 r . For the sake of simplicity we have considered the strengths of all three interactions, atom-atom, molecule-molecule and atom-molecule are equal, i.e., unless otherwise dependence of results on interactions is considered.
III A. Formation of Vortices:
To demonstrate the formation of quantized vortices in the rotating coupled atom-molecular condensate,we obtained the stationary state solutions of time-independent rotating coupled GP equations (15) and (16) numerically, using imaginary time evolution method taking the Gaussian-Laguerre-Hermite functions as initial wave-functions (eqns. (17) and (18)). The iteration has been continued until the convergenceof wave functionsreaches to 10 -6 . Fig.2(a) and Fig.2(b) show the 3D plot of density profiles (9z 9 ) as a function of r and z (in the units of a HO ) for atoms and molecules respectively, for different values of radial and axial quantum numbers (n and n z ) for a fixed azimuthal quantum number l=2. It is evident from these two figures that different number of quantized vortices of different nature are formed for three different combinations of quantum numbers (n and n z ).
In Fig.2(a) , the number of vortex increases by one as n increases (column-wise) when n z is fixed and the number of vortices increasesby one asn z is increased, to form a pair (row-wise) of vortices about z=0 line when n is fixed. The vortices are quantized in both radial and axial directions and the multiplicity (k) are related to the quantum numbers (n and n z ) in respective directions by the relation k r,z = n r,z +1. Hence the total number of vortices is given by k r k z = (n+1)( n z +1). 
IIIB. Evolution of Vortices:
We studied the formation and evolution of atomic and molecular vortices by solving the time-dependent coupled equations (12) and (13)usingSteepest-Descent method in Crank-Nicholson scheme with and without external decay term. It is found that with the inclusion of external decay ( Fig.3b and Fig.3d ), the nature of oscillations are the same and coherence is preserved, but the amplitude of oscillationsdie out muchfaster than that in absence of decay. The damping in amplitude of oscillations is larger in the higher vortex state (n=3, n z =2) than that in the lower vortex state (n=1, n z =0) both in atomic and molecular cases forboth the values of x. Moreover for higher intensity (x=4) the damping in oscillation is large due to the increase in the induced decay with the increase in intensity for both the species in two vortex states.
Therefore we show that the coherence in number oscillation is present in the evolution of rotating atom-molecular condensate system coupled by two-photon Raman photo-association in different vortex states, similar to that in the non-rotating coupled BEC in the ground state [21] . Fig.4 shows evolution of coupled atomic and molecular quantized 3D ring vortices in thevortex state for n=3,l=2,n z =2 at different time without external decay (Fig.4a ) and with external decay (Fig.4b ) considering x=4 for both the cases. In figures (4a) and (4b) we have also shown how the number of atoms and molecules oscillates out of phase with time in this vortex state without and with external decay respectively. Comparing the set of figures for atomic vortices at different timewith the corresponding molecular vortices at the same time it is found that the intensity of crests of the molecular vortices grows at the expense of that for atomic vortices and viceversa. This feature is present for both the cases, without and with external decay. However faster decay of the intensity of the crests is found in coupled ring vortices in presence of external decay than that in absence of it.Therefore the signature of coherence is found to be implemented on the evolution of coupled atomic and molecular ring vortices.
IIIC. Stability Analysis:
The variations of conversion efficiency( ) of atoms into molecules for lower vortex state than that for higher vortex state (Fig.5(b) ), whereas the rate of decrease of lifetime is higher for lower vortex state than that for higher vortex state with increase in N ( Fig.5(d) ). In the study of formation and evolution of coupled atomic and molecular vortices in the rotating atom-molecular BEC system demands investigation on the stability of such system. It is known that the stability of the atomic and molecular vortices are inversely proportional to the value of imaginary part of the energy of atomicand molecularvortex statesIm(E a,m ). To demonstrate the stability of atomic and molecular vortices in rotating coupled system we have plotted
Conversion efficiency curves (solid lines in
Im(E a,m ) for two different vortex states (Fig.6 ). hence it will contribute to the energy of the system oppositely. With the increase in x the rate of increase of conversion efficiency i.e. the rate of formation of molecules is higher for the lower vortex state whereas the rate of decay of the system is the same for both the states.
By repeating the calculation by using lower value of conversion efficiency (1/4 of its original value) we found that the stability of the lower state increases (not shown here). Thus higher value of conversion efficiency of lower state may give rise to the instability for the lower molecular vortex state higher than that for the upper molecular vortex state when the decay rate of both the states are the same. Fig.6b shows that atomic vortices are stable with N whereas stability of molecular vortices decreases with the increase in total number of particles and the stability is much less thanthat of the atomic vortices. Dependence of stability on the strength of atommolecular interaction in the units of atom-atom interaction shows ( Fig.6(c) )atomic vortices are stable for both the vortex states although that in the higher energy state increases slowly with increase in atommolecular interaction. However the stability of molecular vortices is much less than that of atomic vortices and it becomes more unstable with increase in atom-molecular interaction. The stability of ) molecular vortices in the lower state is greater than that of the higher state by a factor of two in the range am a . Similarly increase in rotation frequency in units of trap frequency ( Fig.6(d) ) shows stable atomic vortices and the stability is much more than that of themolecular vortices. The stability of molecular vortices in the lower state is twice greater than that in the higher state in the range r . These figures reveal that although atomic vortices are stable in both the energy states and more or less independent of system parameters (x, N, am / a and / r ), stability of molecular vortices is less than that of atomic vortices and it decreases with the increase in these system parameters except for rotation frequency. With increase in / r molecular stability slightly increases. Moreover the stability in the higher energy vortex state is lower than that in the lower energy votex state except in the variation with x.Therefore the stabilityof atomic and molecular ring vortices in coupled rotating atom-molecular BEC system can be controlledby varying different system parameters such as intensity of PA lasers, initial number of atoms, interaction strengths and the rotation frequency of the system.
IV. Conclusion:
A detailed investigations on the rotating coupled atom-molecular Atomic density z of the stationary state vortex solution for three dimensional coupled BEC system as a function of radial distance r (unit of a HO ) and axial distance z (unit of a different combination of radial (n) and axial (n z ) quantum numbers uantum numbers (l) fixed at 2.
(b): Molecular density z of the stationary state vortex solution for three dimensional coupled BEC system as a function of radial distance r (unit of a HO ) and axial distance z (unit of a different combination of radial (n) and axial (n z ) quantum numbers keeping azimuthal quantum numbers (l) fixed at 2 of the stationary state vortex solution for three dimensional coupled BEC system as a function of ) and axial distance z (unit of a HO )for ) quantum numbers of the stationary state vortex solution for three dimensional coupled BEC system as a function of ) and axial distance z (unit of a HO )for ) quantum numbers 
